In direct communication, terminals that are close to each other can communicate directly without traffic going through centralized controller such as a base station (BS). This brings several advantages. We study direct communication with localized distribution, so that users tend to gather around some areas (clusters/hot-spots) within the cell such as buildings. Previous analysis about clustering has focused on one dimensional scenarios. Here we present theoretical analysis of direct communication with two dimensional clustering. Additional analysis is presented for direct communication with correlated clusters. With correlated clusters some pairs of source and destination clusters are more probable than other pairs. According to our best knowledge, this is the first time that theoretical analysis is presented about clustering and correlated clusters in two dimensional scenarios. Simulations confirm the validity of the analysis. In addition to the exact results, we also suggest using the point-based approximation to rapidly and easily obtain results. The numerical results show that the gains from direct communication, in terms of blocking probability and carried traffic, depend on the offered traffic. Additionally, correlation in cluster selection is shown to significantly improve performance. Point-based approximation is shown to be very useful when the number of clusters is large.
Introduction
In infrastructure based networks, traffic usually goes through centralized controller such as a base station (BS) even if the source and destination are close to each other. However, direct communication between terminals is also possible. Direct communication is called device-to-device (D2D), direct terminal-to-terminal (DTT or T2T), peer-topeer (P2P), handset-to-handset, mobile-to-mobile (m2m), or ad hoc communication. Direct communication has been proposed for the IMT Advanced networks (4G) [1] .
Standards which already have direct communication support include Personal Handy-phone System (PHS), the Digital Enhanced Cordless Telecommunications (DECT), HiperLAN/2, Terrestrial Trunked Radio (TETRA), and 802.11e. The advantages of DTT include reduced power requirements which leads to longer battery life [2] - [4] . Additional advantage is more efficient resource use because direct communication typically requires only half the amount of resources compared to communication through the BS [2] - [7] . The amount of interference can be reduced if terminals that are close to each other, but in different cells, communicate directly [3] . Due to enhanced channel characteristics, it may also be possible to use different modulation methods or less robust physical layer increasing the bit rate compared to cellular link [2] , [6] . Moreover, increased network efficiency supports more services. Improved performance in shadow fading is also one possible benefit [3] , [8] . Direct communication can also improve performance of delaysensitive applications [6] and enable communication when the BS is malfunctioning [4] . Although direct mode of operation is often free of air time charges, the operator could be involved in establishing direct links with possibility of some revenue [9] , [10] .
The practical impact of the advantages of direct communication depends on the number of calls where calling and called terminals are within the direct communication range. Examples where direct communication may be possible include, for example, student communication inside a college campus, communication between colleagues (especially when there are no wired phones available), room to room intercom, communication amongst a hunting group, and communication amongst cooperating operational robots [3] .
Teletraffic analysis is important for determining the benefits of direct communication. It has been partly been performed in [5] by Tanaka et al. By using results presented therein, it is possible to theoretically calculate the blocking probability and carried traffic assuming that direct communication probability p is known. The direct communication probability is the probability that the terminals are within direct communication range D. In [5] , p was found for circular cell where users are uniformly distributed. As in [5] , typically when studying cellular systems uniform distribution of users is assumed. However, to model the fact that people tend to gather around some areas such as buildings using non-uniform localized distribution is necessary [11] . In, [12] localized distribution was assumed for direct communication by Kabasawa et [13] . The results showed significant gains in throughput and power consumption.
In this paper, we theoretically consider the effect of non-uniform localized distribution of users for direct communication. Instead of using one-dimensional approach, we study two dimensional scenarios. Two dimensional scenarios refer situations where users are located in two dimensional plane. Correlated clusters are also studied. Therein, some pairs of source and destination clusters are more probable than other pairs. For example, traffic may be local so that most of the calls are internal to the cluster ("intracluster"). This is to model situations, where users tend to call other closeby users. This increases the usefulness of direct communication.
The rest of the paper is organized as follows. First, in Sect. 2, the system model is presented. In Sect. 3, results from teletraffic theory are shown for finding the blocking probability and carried traffic as a function of the direct communication probability p. In Sect. 4, we find p for situations where there are several circular clusters inside the cell. Point-based approximation (assuming radius zero for the clusters) is studied in the Sect. 5. Numerical results are presented in Sect. 6 for blocking probability and carried traffic. The theoretical results are compared with simulation results. Finally, conclusions are drawn in Sect. 7.
System Model
Let us assume circular cell with radius R. To model localized distribution of users we assume that users are concentrated in clusters, as shown in Fig. 1 . Denote the number of clusters with N C and the radius of the clusters with radius R C . Assume that the cell has n channels or, more generally, resource units [5] . It is further assumed that two-hop communication inside the cell through the BS (for example, communication between clusters 1 and 3 in Fig. 1 ) requires two channels and a direct communication inside the cell (for example, internal communication in cluster 3 in Fig. 1 ) consumes one channel [5] .
Priority policy is not used so that a direct call is always accepted if there is at least one channel available and call through the BS is accepted if there are at least two available channels. For simplicity, all calls are assumed to be internal to the cell [12] . In practice, this assumption is not realistic (depends on the scenario), but it can be used to show the upper bound on gains from direct communication. The direct communication range is D and the cell radius is R. If distance between nodes is ≤ D, then direct communication is possible. Otherwise, communication through the BS is always assumed to be available. The call arrivals follow the Poisson process with intensity λ. The holding times are assumed to be exponential random variables with mean h. The offered traffic is ϑ = λh. We assume that within clusters, the users are uniformly distributed. This model is similar to that used in [14] . Therein, nodes are uniformly distributed in a disk of radius r c centred at the clump centres. Instead of uniform distribution, it would also be possible to use the Gaussian distribution to model distribution of the nodes in the clusters [13] , [15] .
Teletraffic Theory
Blocking probability is the probability that a call is blocked, i.e., there are not enough free channels. Assume that the probability that the nodes are within direct communication range is p. Define a 1 = pϑ and a 2 = (1 − p)ϑ. The blocking probability of calls where direct communication would be possible is B 1 and the blocking probability of calls going through the BS is B 2 . It is well known that [5] , [12] 
where [x] is the largest integer not exceeding x and
where k = n mod 2 and
The carried traffic is
and the overall blocking probability is
Direct Communication Probability
The direct communication probability p plays a critical role in determining the system performance. In [5] , p was found for circular cell where users are uniformly distributed. For localized distribution, where users tend to gather around some points, p was found in [12] with one dimensional scenario (such as a street). To study two dimensional scenarios, let us assume that the first user is in cluster i and the second user is in cluster j. Assume that users are randomly and uniformly distributed in the clusters, so that user locations in the source and destination clusters are random. Let us denote the probability that the distance between the users (two random points in clusters i and j) is less than or equal to the direct communication range D with p i j . It is conditional probability of direct communication given the source and destination clusters. It can be found by using results presented in [16] for random distance between two circles
where d is the distance between the cluster centres, p 1 = (r cos φ, r sin φ) is a point in the first cluster which is centered at (0,0) without loss of generality and C o 1 is the region of the first cluster given by
In [5] direct communication probability is presented for two uniformly selected points in a cell. By direct application we get, when users are in the same cluster, the direct communication probability
if D ≤ 2R C and 1 otherwise.
The p i j is conditional probability of direct communication given that source is in cluster i and destination is in cluster j. The η i j is the probability that the source is in cluster i and the destination is in cluster j. These probabilities are illustrated in Fig. 2 . Now, by using the total probability theorem [17] , we find the overall probability of direct communication p with 
where we have used the fact that p ji = p i j and p ii = p 11 (same radius is assumed for all clusters). The probability matrix η containing the values of η i j has infinite number of possible combinations. For example, we can have the following N C × N C probability matrix
where ξ = [N C (θ + N C − 1)]. This case models a situation where the intra-cluster communication and inter-cluster communication have different probabilities. Note that if θ is high, it means that intra-cluster communication has increased probability. On the other hand, if θ is small, it means that inter-cluster communication happens with increased probability. In the case without correlation (θ = 1) every combination of source and destination is equally probable. We get,
It also possible to use somewhat more general probability matrix given by:
where ξ =
. Now, we get that direct communication probability is
which depends on θ i only through the sum
e., the total amount of intra-cluster communication is what matters and not how it is distributed among clusters. Note that when N C i=1 θ i approaches infinity (high level correlation), then p = p ii , i.e., finding the overall direct communication probability reduces to finding the direct communication probability for intra-cluster communication.
Point Based Approximation

Theory
Assume that there are N C points with radius zero where users gather and that θ = 1. Now, by using Eqs. (8), (9), we get
where, because in point based situation p i j is either zero (no direct communication) or 1 (always direct communication),
is the number of points that a node can directly communicate with, not including itself. It can be determined given the locations of N C points and the direct communication range D. Results similar to (13) have been given in [12] (used therein for one dimensional case). In addition to situations where the clusters are points, the point-clusters can be used to rapidly and easily get approximate results even when the clusters are not actually points, especially when the number of clusters is large. For these situations, we propose to improve the above equation by taking into account the easily found probability of direct communication within a cluster as given in Eq. (7) (calculated with the real R C instead of R C = 0),
Binomial Approximation
Let us now study cases where cluster locations are random.
Then |G k | it is a random variable with some distribution. However, distribution of p given by (13) 
where the number of combinations of selecting two cluster from N C (the binomial coefficient) is
The possible values are as given above because intracluster communication in each cluster is always assumed to be possible (distance zero). Also, the factor two appears because if direct communication is possible to cluster j from cluster i, then it is also possible to cluster i from cluster j.
By making the approximation that all the links are independent from each other, we get the corresponding probabilities
where ℘ is the probability that two random points (uniformly distributed in the cell) are within direct communication range and it is given by (7) (with R instead of R C ). Now theoretical averaged results over different realizations can be found by calculating the desired results (such as carried traffic) for each possible value of p k and summing them with weights n k . The above approach results in approximation because the links have correlation between each other. For example, if direct communication is possible from node i to nodes j and k, then the probability that direct communication is possible between nodes j and k is increased. Numerical results are shown later to show the accuracy of the proposed approximation.
Numerical Results
Let us assume that clusters locations are as listed in Table 1 . Users are uniformly distributed within the clusters. The resulting blocking probabilities and carried traffic are shown in Figs. 3 and 4 , respectively. The results were obtained by using numerical integration of (6). It can be seen that when the offered traffic is 12.45, direct communication gives significant advantage in terms of blocking probabilities compared to a situation without direct communication (D = 0). However, the gain in carried traffic is not that large. On the other hand, when the offered traffic is 18.675, direct communication significantly increases the carried traffic. But the gains in terms of blocking probabilities are not that large. Additionally, it can be seen that the theoretical and simulation results agree very well. The point-based approximation is also shown in the figures. It can be seen that, as expected, due to small number of clusters it is heavily quantized. Due to this exact theoretical results are still useful especially when the number of clusters is small. Figures 5 and 6 show blocking probabilities in the case of correlated clusters with correlation model given by (9) . It can be seen that large correlation significantly improves system performance. In the limit when correlation is infinite, results correspond to p ii .
Let us next assume that there are N C = 8 clusters with cluster centres as listed in Table 2 . Simulation results for that situation are compared with point-clusters based ap- Let us continue to use the point based approximation. Figure 9 shows the carried traffic averaged over different realizations of the cluster locations. The simulations results are based on 500 realizations of the cluster locations with various number of clusters. The cluster locations were selected randomly and uniformly inside the cell [18] . The presented theoretical results are based on the binomial approximation presented in Sect. 5.2.
Although the results here are presented for D ranging from zero to two times the cell radius, in practical system the direct communication range is probably less than the cell radius, to unfavourable locations of the antennas, better sensitivity of the base station, and limited transmit power of the terminals. If we limit our discussion to cases where D ≤ R, then we can see that the gains from direct communication decrease (but they still exist, especially with correlated clusters). Additional factor to keep in mind is that when D is large interference levels may rise above those allowed in the cellular frequency reuse plan.
Conclusions
New analysis was presented for blocking probabilities and carried traffic for direct communication with clustering in two dimensional scenarios with and without correlated clustering. The numerical results showed that gains from direct communication depend on the direct communication range and also the offered traffic level. With large offered traffic, direct communication showed significant gains in the carried traffic. On the other hand, when the offered traffic was smaller, direct communication showed significant gains in the blocking probability. When clusters are correlated, further gains can be obtained. The usefulness of point-cluster based (clusters with zero radius) approximation when the number of clusters is large was shown. However, the proposed exact theoretical approach is still useful when the number of clusters is small. Topics for future work include theoretical results for the case with resource reuse for sufficiently spatially separated links, taking into account shadowing, generalized non-uniform traffic distributions, using network coding (NC) to reduce resources needed for communication through the central controller [19] .
